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Abstract
We show that the mean-field time dependent equations in the Φ4 theory can be
put into a classical non-canonical hamiltonian framework with a Poisson structure
which is a generalization of the standard Poisson bracket. The Heisenberg invariant
appears as a structural invariant of the Poisson tensor.
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1
Poisson Structure in Φ4 Theory
2
1 Introduction
The purpose of this paper is to give a formulation of the mean-field dynamical equa-
tions in a bosonic quantum field theory in terms of generalized Poisson brackets. The
time-dependent Hartree-Bogoliubov (TDHB) equations are dynamical equations for the
expectations values of one and two field operators. They have been used to study non-
equilibrium evolution in Φ4 theory [1]. They are quantum dynamical equations. However,
we will show that they can be put into a classical non-canonical hamiltonian framework
with a Poisson structure which is a generalization of the standard Poisson bracket.
Non-canonical Poisson brackets have been found to be usefull in different contexts,
including plasma and fluid dynamics [2] and condensed matter physics [3]. In relativistic
field theories, it has been shown how to write the field equations in covariant Poisson
bracket form [4]. In non-relativistic quantum theory, a Poisson structure has been recog-
nized for the time-dependent mean-field dynamics of a system of fermions [5] or a system
of bosons [6]. A Poisson structure is especially useful to find structural invariants and to
study stability properties. We will show how this approach can be developped in quantum
field theory.
We consider the Φ4 theory. In section 2, we introduce the dynamical variables of
interest and we recall the TDHB equations which can be written in a compact form [7].
We define the Poisson tensor in section 3 and we show the Poisson structure of the TDHB
equations. Another definition of the Poisson tensor from a Lie algebra is considered in
section 4. In section 5, we recognize the Heisenberg invariant as a structural invariant
of the Poisson tensor. Finally, in section 6, we write the linearized dynamical equations
arround the HB static solution.
2 The mean-field equations in the Φ4 theory :
We consider a self-interacting scalar field in a Minkowski metric described by the Hamil-
tonian H =
∫
ddxH(~x) with
H(~x) = 1
2
Π2(~x) +
1
2
(
~∇Φ(~x)
)2
+
m20
2
Φ2(~x) +
b
4
Φ4(~x) . (2.1)
We work in d spatial dimensions. The constants m0 and b are respectively the bare mass
and the bare coupling constant. Φ(~x) and Π(~x) are the field operators in the Schro¨dinger
representation. The initial state of the system is supposed to be given and equal to a
statistical operator D(t0) which may represent a thermal equilibrium or a non-equilibrium
situation. At zero temperature, it reduces to a projection operator.
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A time-dependent variational principle [8] and the choice of gaussian operators for
the trial space allow to derive time-dependent mean-field equations for the expectation
values [1, 7, 8]. A gaussian density-like operator D(t) is completly characterized by a
vector α(~x, t) and a matrix Ξ(~x, ~y, t) defined by :
α(~x, t) =
(
ϕ(~x, t)
−iπ(~x, t)
)
, (2.2)
Ξ(~x, ~y, t) =
(
2G(~x, ~y, t) −iT (~x, ~y, t)
−iT (~y, ~x, t) −2S(~x, ~y, t)
)
, (2.3)
where
ϕ(~x, t) =
1
n(t)
Tr(D(t)Φ(~x)) , (2.4)
π(~x, t) =
1
n(t)
Tr(D(t)Π(~x)) , (2.5)
G(~x, ~y, t) =
1
n(t)
Tr(D(t)Φ¯(~x)Φ¯(~y)) , (2.6)
S(~x, ~y, t) =
1
n(t)
Tr(D(t)Π¯(~x)Π¯(~y)) , (2.7)
T (~x, ~y, t) =
1
n(t)
Tr(D(t)(Φ¯(~x)Π¯(~y) + Π¯(~y)Φ¯(~x))) , (2.8)
n(t) = TrD(t) , (2.9)
and, for any operator O : O¯ = O − Tr(D(t)O).
The time-dependent Hartree-Bogoliubov (TDHB) equations for the Φ4 theory can
be written in the following compact form [7] :
i α˙ = τ w , (2.10)
i Ξ˙ = − [(Ξ + τ) H (Ξ− τ)− (Ξ− τ) H (Ξ + τ)] . (2.11)
where τ is the 2× 2 matrix
τ =
(
0 1
−1 0
)
(2.12)
The vector w and the matrix H are defined from the variation of
< H >=
1
n(t)
Tr(D(t)H) =
∫
ddx E(~x, t) (2.13)
δ < H >=
∫
ddx w˜(~x, t) δα(~x, t)− 1
2
∫
ddxddy tr (H(~x, ~y, t)δΞ(~y, ~x, t)) . (2.14)
E(~x, t) is the mean-field energy density. For the Hamiltonian (2.1), we have :
w1(~x, t) =
(
−∆+m20 +
b
6
ϕ2(~x, t) +
b
2
G(~x, ~x, t)
)
ϕ(~x, t) (2.15)
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w2(~x, t) = iπ(~x, t) (2.16)
H11(~x, ~y, t) = −1
2
(
−∆+m20 +
b
2
ϕ2(~x, t) +
b
2
G(~x, ~x, t)
)
δ(~x− ~y) (2.17)
H22(~x, ~y, t) = 1
2
δ(~x− ~y) (2.18)
H12(~x, ~y, t) = 0 , H21(~x, ~y, t) = 0 (2.19)
The static HB solution is caracterized by w0 = 0, i. e. in the uniform case
(m20 +
b
6
ϕ0 +
b
2
G0(x, x))ϕ0 = 0 (2.20)
and the gap equation
Ξ0 = −τ coth(βH0τ) (2.21)
which can also be written as
βH0 = 1
2
τ ln
(
Ξ0 + τ
Ξ0 − τ
)
. (2.22)
More explicitly, in the uniform case, by working in the momentum space,
Ξ0(p) =
( 1
ω(p)
coth βω(p)
2
0
0 −ω(p) coth βω(p)
2
)
, (2.23)
with ω2(p) = p2 +m20 +
b
2
ϕ20 +
b
2
G0(~x, ~x).
In the following we will show that the mean-field equations (2.10) and (2.11) have
a Poisson structure.
3 The Poisson tensor and the Poisson structure of
the mean-field equations
We consider first the uniform case. A more general construction of the Poisson tensor
in the non-uniform case will be given in the next section. We gather in a single vector
zµ, µ = 1, 2, 3 the expectation values < 1 >,αj and Ξij(p), where Ξij(p) is the Fourrier
transformed of Ξ(~x, ~y, t) :
Ξij(~x, ~y) =
∫
ddp
(2π)d
ei~p.(~y−~x) Ξij(p) . (3.1)
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We define the Poisson tensor Cµν ≡ {zµ, zν} in the following way :
C22ij = τij , C23i,jk = 0
C3311,12(p) = C3311,21(p) = 4 Ξ11(p)
C3312,11(p) = C3321,11(p) = −4 Ξ11(p)
C3311,22(p) = 8 Ξ12(p)
C3322,11(p) = −8 Ξ12(p)
C3312,22(p) = C3321,22(p) = 4 Ξ22(p)
C3322,12(p) = C3322,21(p) = −4 Ξ22(p)
C3312,12(p) = C3312,21(p) = 0
(3.2)
The other matrix elements of this tensor are equal to zero. C22 is a constant in the
momentum space, while C33 depends on the momentum p. This Poisson tensor is a linear
function of the dynamical variables Ξij(p). Let us note that it does not depend on the
value of the condensat α.
The Poisson structure associated to the Poisson tensor Cµν is defined according to
{f, g} ≡ 1
i
∂f
∂zµ
Cµν ∂g
∂zν
, (3.3)
for any functions f and g of the dynamical variables zµ.
We check that the operation {f, g} = k which associates to two functions f and
g a third function k is bilinear and antisymmetric. It satisfies also Jacobi’s identity and
Leibnitz’s derivation rule [9]. (When the Poisson structure is not defined from a Lie
algebra, we have to check these properties.)
In particular, we have
{αi, g} = 1
i
C22ij
∂g
∂αj
=
1
i
τij
∂g
∂αj
. (3.4)
From the definition wi ≡ ∂E∂αi , we can write the first TDHB equation (2.10) as :
α˙i = {αi, E} . (3.5)
We have also :
{Ξij, g} = 1
i
C33ij,kl
∂g
∂Ξkl
, (3.6)
If we choose g = E , with the definition (3.2) of C33 and the definition (2.14) of the matrix
H, we obtain :
i {Ξ11, E} = −4 Ξ12(p)H22(p)
i {Ξ12, E} = 2 Ξ11(p)H11(p)− 2 Ξ22(p)H22(p)
i {Ξ22, E} = 4 Ξ12(p)H11(p)
. (3.7)
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The second TDHB equation (2.11) can be put in the form :
Ξ˙ij = {Ξij , E} (3.8)
The TDHB equations in the Φ4 theory can therefore be written as classical dy-
namical equations, the mean-field energy density E(α,Ξ) playing the role of a classical
Hamiltonian with the non-symplectic Poisson structure defined by (3.2).
It is actually more useful to consider the free-energy density
F(α,Ξ) = E(α,Ξ)− β−1S(Ξ) (3.9)
as a classical Hamiltonian instead of E . The von-Neuman entropy density S is defined by
:
S ≡ −TrD logD
TrD + log TrD . (3.10)
For a gaussian density matrix it can be written as a function of the matrix Ξ as :
S = ∫ d3p
(2π)3
[
1
4
tr
{(
1
2
(1− τ) Ξ (1− τ)− 1
)
log
(
Ξ + τ
Ξ− τ
)}
+
1
2
log det
{
1
4
(
1 1
1 −1
)
Ξ (1− τ)− 1
2
(
0 1
1 0
)}] , (3.11)
or
S =
∫
d3p
(2π)3
[
1
2
√
I log(
√
I + 1√
I − 1) +
1
2
log(I − 1)
]
, (3.12)
where I is the Heisenberg invariant
I(x, y) =
∫
d3z
(
4 < Φ¯(x)Φ¯(z) >< Π¯(z)Π¯(y) >
− < Φ¯(x)Π¯(z) + Π¯(z)Φ¯(x) >< Φ¯(z)Π¯(y) + Π¯(y)Φ¯(z) >
) , (3.13)
I(x, y) =
∫
d3z (−Ξ11(x, z) Ξ22(z, y) + Ξ12(x, z) Ξ12(z, y)) . (3.14)
For a pure state, we have : Ξ11 Ξ22 − Ξ212 + 1 = 0 or I(x, y) = δ(x− y).
We have {S(Ξ), α} = 0 and {S(Ξ),Ξ} = 0. Therefore, the TDHB equations (3.5)
and (3.8) can be written as :
α˙i = {αi,F(α,Ξ)} , (3.15)
Ξ˙ij = {Ξij,F(α,Ξ)} . (3.16)
The free-energy density F(α,Ξ) is a constant of the motion like E(α,Ξ) and S(Ξ). The
static solution α0,Ξ0 (see eq. (2.20) and (2.21)) of the TDHB equations is a minimum of
F (at zero temperature, it is a minimum of E). In section 6, we will derive the linearized
mean-field equations arround the static solution.
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4 De´finition of the Poisson tensor from a Lie algebra
In this section we consider the non uniforme case and we work with the space indices. We
define the following operators Oµ :
O1 = 1 (4.1)
O2(~x) =
(
Φ(~x)
−iΠ(~x)
)
(4.2)
O3(~x, ~y) =
(
2 Φ¯(~x)Φ¯(~y) −i(Φ¯(~x)Π¯(~y) + Π¯(~y)Φ¯(~x))
−i(Φ¯(~y)Π¯(~x) + Π¯(~x)Φ¯(~y)) −2 Π¯(~x)Π(~y)
)
(4.3)
where O¯ = O− < O > for any operator O.
It is easy to show that these operators satisfy a Lie algebra :
[Oµ,Oν ] = fµνσ Oσ (4.4)
More explicitly :
[O2i (~x),O2j (~y)] = (f 221 )ij(~x, ~y)O1 (4.5)
[O2i (~x),O3jk(~y, ~z)] =
∫
ddu
∑
m
(f 232 )
m
i,jk(~x, ~y, ~z; ~u)O2m(~u) + (f 231 )i,jk(~x, ~y, ~z)O1 (4.6)
[O3ij(~x, ~y),O3kl(~z,~t)] =
∫
ddu ddv
∑
m,n
(f 333 )
mn
ij,kl(~x, ~y, ~z,~t; ~u,~v)O3mn(~u,~v) (4.7)
The structure constants f 221 , f
23
2 , f
33
3 are delta functions in position space while f
23
1 depends
also on the expectation values < O2i (~x) >. The other structure constants fµνσ are equal
to zero. For instance, we have :
f 221 (~x, ~y) = τ δ(~x− ~y) , (f 231 )1,12(~x, ~y, ~z) = −2ϕ(~x) δ(~x− ~y)δ(~x− ~z) . (4.8)
We then consider the expectation values zµ ≡< Oµ > and we define the Poisson
bracket Cµν ≡ {zµ, zν} from the Lie algebra characterized by the structure constant f :
Cµν ≡ {zµ, zν} = fµνσ zσ (4.9)
Similarly to the structure constant f , the tensor Cµν has space indices.
In the uniform case, by working in the momentum space, we can show that the only
non-vanishing commutators between the operators Oµ can be written as :
[O2i ,O2j ] = τij (4.10)
[O2i ,O3jk(~p = 0)] =
∑
m
(f 232 )
m
i,jk O2m + (f 231 )i,jk O1 (4.11)
[O3ij(~p),O3kl(~p)] =
∑
mn
(f 333 )
mn
ij,kl O3mn(~p) (4.12)
where the structure constants f do not depend on the momentum ~p. In this way we find
again the Poisson tensor defined in section 3.
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5 Heisenberg Invariant
Another presentation of the Poisson tensor can be useful to find the structural invariants
. We still consider the uniform case and we work in the momentum space. By chosing
the coordinates < Φ >,< Π >,< Φ¯Φ¯ > (p), < Π¯Π¯ > (p), < Φ¯Π¯ + Π¯Φ¯ > (p), the Poisson
tensor can be written as a 5 × 5 matrix, build from two blocks : the symplectic matrix(
0 1
−1 0
)
and the 3× 3 antisymmetric matrix defined by the elements :
C˜3311,12(p) ≡ {< Φ¯Φ¯ > (p), < Φ¯Π¯ + Π¯Φ¯ > (p)} = 4 < Φ¯Φ¯ > (p) (5.1)
C˜3312,22(p) ≡ {< Φ¯Π¯ + Π¯Φ¯ > (p), < Π¯Π¯ > (p)} = 4 < Π¯Π¯ > (p) (5.2)
C˜3311,22(p) ≡ {< Φ¯Φ¯ > (p), < Π¯Π¯ > (p)} = 2 < Φ¯Π¯ + Π¯Φ¯ > (p) , (5.3)
that is
M =


0 2 < Φ¯Π¯ + Π¯Φ¯ > (p) 4 < Φ¯Φ¯ > (p)
−2 < Φ¯Π¯ + Π¯Φ¯ > (p) 0 −4 < Π¯Π¯ > (p)
−4 < Φ¯Φ¯ > (p) 4 < Π¯Π¯ > (p) 0

 (5.4)
The rank of the Poisson tensor is a function of the dynamical variables. Near a
regular point, the rank of the Poisson tensor is constant. We can find coordinates (Q,P,C)
such as the matrix M can put in the form :
M ′ =


0 1 0
−1 0 0
0 0 0

 . (5.5)
The Poisson brackets in this coordinates system are given by the symplectic form
{f, g} = ∂f
∂Q
∂g
∂P
− ∂f
∂P
∂g
∂Q
. (5.6)
We have therefore locally a canonical Hamiltonian system which depends on one param-
eter C. The function of the dynamical variables which is equal to C is a Casimir function:
it satisfies {f, C} = 0 for any function f of the dynamical variables [2].
The coordinate C corresponding to the eigenvalue 0 of the Poisson tensor defined
by the matrix (5.4) is :
C(p) = 4 < Φ¯Φ¯ > (p) < Π¯Π¯ > (p)− < Φ¯Π¯ + Π¯Φ¯ > (p) < Φ¯Π¯ + Π¯Φ¯ > (p) . (5.7)
We recognize the Heisenberg invariant (3.13) and we have :
C˙(p) = 0 (5.8)
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6 Linearized equations
At the HB solution zµ0 which is a regular point of the Poisson tensor, the matrix defined
by :
Bµν ≡ ∂
2F
∂zµ∂zν
∣∣∣
z0
(6.1)
is positive definite. The free-energy density F being conserved by the flow defined with
the Poisson brackets (3.3), this implies that zµ0 is a stable equilibrium point.
The TDHB equations write :
α˙i = {αi,F} = 1
i
C22ij (Ξ)
∂F
∂αj
(6.2)
Ξ˙ij = {Ξij,F} = 1
i
C33ij,kl(Ξ)
∂F
∂Ξkl
(6.3)
where we have explicitly written the dependence of the Poisson tensor on the matrix Ξ.
Let us develop these equations arround the static HB solution α0,Ξ0 at the first order in
δα = α − α0 and δΞ = Ξ − Ξ0. Because α0,Ξ0 is a minimum of F , the variation of C
arround α0,Ξ0 does not contribute. By introducing
F (2)(α,Ξ) = F (2)(α0,Ξ0) + 1
2
δzµδzν
∂2F
∂zµ∂zν
|z0 , (6.4)
we obtain :
dδαi
dt
= {δαi,F (2)(α,Ξ)}0 = 1
i
C22ij (Ξ0)
∂F (2)
∂(δαj)
(6.5)
dδΞij
dt
(q) = {δΞij,F (2)(α,Ξ)}0 = 1
i
C33ij,kl(Ξ0)(q)
∂F (2)
∂(δΞkl)
(6.6)
where the indice 0 for the Poisson bracket indicates that the Poisson tensor C has to be
evaluated at the point Ξ0. In this way, we obtain the small oscillations equations arround
the static HB solution also called RPA equations. These equations are of Hamilton type
with the free energy developped to second order F (2)(α,Ξ) playing the role of the hamil-
tonian and with C(Ξ0) as Poisson tensor. F (2) is a constant of the linearized equations of
motion and has a local minimum at α0,Ξ0. Therefore the linearized dynamical equations
at zµ0 have 0 as stable equilibrium.
The small oscillations equations (6.5) and (6.6) can be written as :
i
dδαi
dt
= C22ij (Ξ0)
(
B22jkδαk +
∫
d3q
(2π)3
B23j,kl(q) δΞlk(q)
)
(6.7)
i
dδΞij(q)
dt
= C33ij,kl(Ξ0)(q)
(
B32lk,m(q) δαm +
∫
d3k
(2π)3
B33lk,mn(q, k) δΞnm(k)
)
(6.8)
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The expression of the matrix elements of Bµν in the Φ4 theory is given in appendix. In
equations (6.7) and (6.8), we have considered small oscillations arround the uniform static
HB solution :
α(~p, t) = α0δ(~p) + δα(~p, t) (6.9)
Ξ(~p1, ~p2, t) = Ξ0(~p1)δ(~p1 + ~p2) + δΞ(~p1, ~p2, t) . (6.10)
where
Ξ(~p1, ~p2, t) =
∫
d3x d3y e−i~p1·~x−i~p2·~y Ξ(~x, ~y, t) . (6.11)
We have then introduced the total momentum ~P = ~p1 + ~p2 and the relative momentum
~q = 1
2
(~p1 − ~p2) and we have written the equations for a total momentum ~P = ~0.
Equations (6.5) and (6.6) could also have been obtained by linearizing the original
expressions (2.10) and (2.11) arround the static solution :
iδα˙ = τδw (6.12)
iδΞ˙ = 2(δΞH τ − τ H δΞ) + 2(Ξ0 δH τ − τ δH Ξ0) . (6.13)
We define the matrices t, T, r, R (which are the analogs of the RPA matrix R of reference
[8]) by expanding < H > up to the second order, or the vector w and the matrix H up
to the first order :
δwi(~x, t) =
∫
ddy tij(~x, ~y, t) δαj(~y, t)− 1
2
∫
ddyddz Ti,jk(~x, ~y, ~z, t) δΞ(~z, ~y, t) (6.14)
δHij(~x, ~y, t) =
∫
ddz rij,k(~x, ~y, ~z, t)δαk(~z, t)− 1
2
∫
ddzddu Rij,kl(~x, ~y, ~z, ~u, t) δΞlk(~u, ~z, t) .
(6.15)
We therefore obtain a relation between these matrices and the matrix B of the second
derivatives of the free energy at the minimum. This relation involves the Poisson tensor
evaluated at Ξ0.
From the equations (6.7) and (6.8), we can study the existence of bound states at
finite temperature both in the symmetric phase and in the broken phase. This will be a
generalization to finite temperature of the results obtained by Kerman and Lin at zero
temperature [10].
To conclude, we have shown that the time-dependent mean-field equations in Φ4
theory can be written as classical dynamical equations with a non-symplectic Poisson
structure, the free-energy density playing the role of a classical Hamiltonian. The Heisen-
berg invariant appears as a structural invariant of the Poisson structure. This Poisson
structure can be useful to discuss stability properties of trajectories characterized by the
condensat and the fluctuations of the quantum field at finite temperature. The occurrence
of a vanishing eigenvalue for the matrix B at a critical temperature for a given coupling
11
constant is the signal of a phase transition from the phase with broken symmetry to the
symmetric phase.
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Appendix
In this appendix we give the expression of the elements of the matrix B in the case
of the Φ4 theory.
B2211 = m20 +
b
2
ϕ20 +
b
2
G0(~x, ~x) , B2222 = −1 , B2212 = B2221 = 0 (A.1)
B231,11 =
∂2E
∂α1∂Ξ11(p)
=
b
4
ϕ0 (A.2)
B33ij,kl(p, q) =
∂2E
∂Ξji(p)∂Ξlk(q)
− 1
β
∂2S
∂Ξji(p)∂Ξlk(q)
δ3(p− q) (A.3)
B3311,11(p, q) =
b
16
+
1
4β
ω2(p) (
x
coth x
+
1
coth2 x− 1)δ
3(p− q) (A.4)
B3311,22(p, q) =
1
4β
(
x
coth x
− 1
coth2 x− 1)δ
3(p− q) (A.5)
B3322,22(p, q) =
1
4βω2(p)
(
x
coth x
+
1
coth2 x− 1)δ
3(p− q) (A.6)
B3312,12(p, q) = −
1
β
x
cothx
δ3(p− q) (A.7)
where x = βω(p)
2
and
ω2(p) = p2 +m20 +
b
2
ϕ20 +
b
2
G0(~x, ~x, t) (A.8)
The other elements of the matrix B are equal to zero.
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